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1  Itis given that f(x) = x*> — sinx.

(i) The iteration x,,, = 4/sinx,, with x;, = 0.875, is to be used to find a real root, a, of the equation
f(x) = 0. Find x,, x; and x,, giving the answers correct to 6 decimal places. [2]

(ii) The error ¢, is defined by e, = oo — x,. Given that a = 0.876 726, correct to 6 decimal places,
find e, and e,. Given that g(x) = Vsinx, use e, and e, to estimate g'(o). [3]

2 Itis given that f(x) = tan"'(1 + x).

(i) Find f(0) and f'(0), and show that f”(0) = —1. [4]
(ii) Hence find the Maclaurin series for f(x) up to and including the term in x>. [2]
3
y

(xl’ f(xl))

» X

y = 1f(x)

A curve with no stationary points has equation y = f(x). The equation f(x) = O has one real root ¢, and
the Newton-Raphson method is to be used to find o.. The tangent to the curve at the point (xl, f(x, ))
meets the x-axis where x = x, (see diagram).

f(x,)

. 3
Fx,) [3]

(i) Show that x, = x, -

(ii) Describe briefly, with the help of a sketch, how the Newton-Raphson method, using an initial
approximation x = x,, gives a sequence of approximations approaching o. 2]

(iif) Use the Newton-Raphson method, with a first approximation of 1, to find a second approximation
to the root of x*> — 2sinhx + 2 = 0. [2]

4  The equation of a curve, in polar coordinates, is
r=e?% for0<6O<m.
(i) Sketch the curve, stating the polar coordinates of the point at which r takes its greatest value.
[2]

(i) The pole is O and points P and Q, with polar coordinates (r,, 6,) and (r,, 6,) respectively, lie
on the curve. Given that 6, > 6,, show that the area of the region enclosed by the curve and the
lines OP and OQ can be expressed as k(r12 - r%), where k is a constant to be found. [5]
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3

5 (i) Using the definitions of sinh x and cosh x in terms of ¢* and e™, show that

cosh’x — sinh?x = 1.

Deduce that 1 — tanh®x = sech®x. [4]
(ii) Solve the equation 2 tanh®x — sech x = 1, giving your answer(s) in logarithmic form. [4]
4

6 (i) Express

>- in partial fractions. [S]
(1-x)(1+x)(1 +x7)

L
V3

4
(ii) Show that 7] dx = 1n<
0 1-x

\/§+1)+%7r. [4]

V3 -1

0

The diagram shows the curve with equation y = v/x, together with a set of n rectangles of unit width.

(i) By considering the areas of these rectangles, explain why

W+€/§+€/§+...+%>Jn%dx. [2]
0

(i) By drawing another set of rectangles and considering their areas, show that

n+l1

GH+€/§+€/§+...+%<J Vxdx. 3]

1

100
(iii) Hence find an approximation to z V/n, giving your answer correct to 2 significant figures. [3]

n=1

[Questions 8 and 9 are printed overleaf.]
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8 The equation of a curve is

_ kx
y - (x _ 1 )2 >

where k is a positive constant.
(i) Write down the equations of the asymptotes of the curve. [2]
(i) Show thaty > —1ik. [4]
(iii) Show that the x-coordinate of the stationary point of the curve is independent of k, and sketch
the curve. [4]

. . -1 1 1+x

9 (i) Given thaty =tanh™ x, for -1 <x < 1, prove thaty = 5 ln( 1 ) [3]

(ii) Itis given that f(x) = acosh x — b sinh x, where a and b are positive constants.
(a) Given that b > a, show that the curve with equation y = f(x) has no stationary points. [3]

(b) In the case where a > 1 and b = 1, show that f(x) has a minimum value of y/a? — 1. [6]

OCRY

RECOGNISING ACHIEVEMENT

Copyright Information

OCR is committed to seeking permission to reproduce all third-party content that it uses in its assessment materials. OCR has attempted to identify and contact all copyright holders
whose work is used in this paper. To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced in the OCR Copyright
Acknowledgements Booklet. This is produced for each series of examinations, is given to all schools that receive assessment material and is freely available to download from our public
website (www.ocr.org.uk) after the live examination series.

If OCR has unwittingly failed to correctly acknowledge or clear any third-party content in this assessment material, OCR will be happy to correct its mistake at the earliest possible opportunity.
For queries or further information please contact the Copyright Team, First Floor, 9 Hills Road, Cambridge CB2 1GE.

OCRi s part of the Cambridge Assessment Group; Cambridge Assessment is the brand name of University of Cambridge Local Examinations Syndicate (UCLES), which is itself a department
of the University of Cambridge.

© OCR 2010 4726 Jan10



4726

Mark Scheme

January 2010

4726 Further Pure Mathematics 2

1 (i) Get0.876096,0.876496, 0.876642 B1V  For any one correct or  from wrong answer;
radians only
BI All correct
"""" (i)  Subtract correctly (0.00023(0), 0.000084) BIN  On their answers
Divide their errors as e4/e; only Ml May be implied
Get 0.365(21...) Al Cao
2 () Find f(x) = 1/(1+(1+x)") Ml Quoted or derived; may be simplified or
left as sec’y dy/dx = 1
Get f(0) =Y and f'(0) = - AIN  On their £(0); allow f(0)=0.785 but not 45
Attempt f"(x) Ml Reasonable attempt at chain/quotient rule
or implicit differentiation
Correctly get f(0) = —% Al A.G.
"""" (i)  Attempt Maclaurin as af(0)+bf(0)+¢f'(0) M1 Using their f(0) and £(0)
Get Vam + Vax — Vax® Al Cao; allow 0.785
3 (i) Attempt gradient as +f(x;)/(x, — x1) Ml Allow reasonable y-step/x-step
Equate to gradient of curve at x; Ml Allow +
Clearly arrive at A.G. Al Beware confusing use of £
SC Attempt equation of tangent M1 Asy—f(x)) =1(x)(x —x))
Put (x, , 0) into their equation Ml
Clearly arrive at A.G. Al
"""" (i) Diagram showing at least one more  BI T
tangent
Description of tangent meeting x-axis, B1
used as next starting value
"""" (iii) Reasonable attemptatN-R Ml  Clear attempt at differentiation
Get 1.60 Al Or answer which rounds
4 ()  Stater=1and =0. Bl May be seen or implied
. \ gl B1 Correct shape, decreasing r (not through
o 1 O)
(i) Use's [ do with r = ¢ *’seen or implied M1 Allow % [ e* do
Integrate correctly as —'/se™’ Al
Use limits in correct order Ml In their answer
Use 2 =e™ etc. M1 May be implied
Clearly get k="/ Al
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5 (i)  Use correct definitions of cosh and sinh B1
Attempt to square and subtract M1 On their definitions
Clearly get A.G. Al
Show division by cosh? B1 Or clear use of first result
(ii)  Rewrite as quadratic in sech and Or quadratic in cosh
attempt to solve M1
Eliminate values outside 0 < sech < 1 B1 Or eliminate values outside cosh > 1
(allow positive)
Get x = In(2-+\3) Al
Get x = —In(2+V3) or In(2—\3) Al
6 (i) Attempt at correct form of P.F. M1 Allow Cx/(x*+1) here; not C=0
Rewrite as 4=
A1+ x)(1+x)+B1—x)(1 +x) + M1~ From their P.F.
(Cx+D)(1 —x)(1 +x)
Use values of x/equate coefficients M1
Getd=1,B=1 Al CWO
GetC=0,D=2 Al
SC Use of cover-up rule for 4,8 Ml
If both correct Al cwo
(i) GetAln(1 +x) — Bln(1 —x) M1 Or quote from List of Formulae
Get Dtan™'x B1
Use limits in their integrated expressions M1
Clearly get A.G. Al
7 (i) LHS =sum of areas of rectangles, area =
Ix y-value fromx=1tox =n B1
RHS = Area under curve from x =0 to n B1
(ii)  Diagram showing areas required B1
Use sum of areas of rectangles B1
Explain/show area inequality with
limits in integral clearly specified B1
(iii)  Attempt integral as kx"” M1
Limits gives 348(.1) and 352(.0) Al Allow one correct
Get 350 Al From two correct values only
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8 () Getx=1,y=0 B1,B1
(i)  Rewrite as quadratic in x Ml P’y —xQy+k)+y=0)
Use b* — 4ac > 0 for all real x M1 Allow >, = here
Get correct inequality Al 4ky + K >0
State use of £>0 to A.G. Al
SC Use differentiation (parts (ii) and (iii))
Attempt prod/quotient rule M1
Solve =0 forx =—1 Al
Use x =1 only (reject x=1), y = —Y4kA1
Fully justify minimum B1
Attempt to justify for all x Ml
Clearly get A.G. Al
(iii) Replace y = Yk in quadratic in x Ml
Get x =—1 only Al
B1 Through origin with minimum at (—1, —V4k)
seen or given in the answer
| B1 Correct shape (asymptotes and approaches)
! SC (Start again)
(-1, -%k)' 'x=1 Differentiate and solve dy/dx = 0 for at least
one x-value, independent of k& M1
Get x =—1 only Al
9 (i) Rewrite tanh y as (¢" — e”)/(¢"+ ¢&?) Bl Or equivalent
Attempt to write as quadratic in ¢* M1
Clearly get A.G. Al
(i) (a) Attempt to diff. and solve =0 Ml
Get tanh x = b/a Al
Use (—-1)<tanhx<1toshowb<a Bl
SC Use exponentials M1
Get e™ = (a + b)/(a — b) Al
Use ¢* > 0 to show b <a Bl
SC Write x = tanh™ (b/a) Ml
=2In((1 + bla)/(1 — bla)) Al
Use ()>0 toshow b <a B1
(b) Get tanh x =1/a from part (ii)(a) B1
Replace as In from their answer M1
Getx="YIn ((a + 1)/(a— 1)) Al
Use e "@V@D) = (g + 1)(a—1)) Ml At least once
Clearly get A.G. Al
Test for minimum correctly B1

SC Use of y = coshx(a — tanhx) and
coshx = 1/sechx = 1/\(1 — tanh’x)
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